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Abstract. We consider the energy critical focusing nonlinear Schrodinger equation 
itpt = — Ai/) — IV'I 4 ^' i n an d prove, for any v and cto sufficiently small, the exis- 
tence of radial finite energy solutions of the form tp(x,t) = e la ^ X 1 ^ 2 (t)W (X(t)x) + 
e iA *e* + 0ffi(l) ast-> +00, where a(t) = a lnt, X(t) =t v , W(x) = (1 + ^\x\ 2 )-^ 2 
is the ground state, and (* is arbitrary small in H , 

1. Introduction 

1.1. Setting of the problem and statement of the result. In this paper we 
consider the energy critical focusing nonlinear Schrodinger equation 

itpt = -Aip - |V>| 4 V>, x G M 3 , 

^ =0 = ^oGff 1 (t 3 ). 



Cauchy problem (11.11) is locally well posed and the solutions during their life span 
satisfy conservation of energy: 

(1.2) E{m) = J(\VHx,t)\ 2 -^(x,t)\ (i )dx = E^ ). 

The problem is energy critical in the sense that both (11.11) and (11.21) are invariant 
with respect to the scaling ip(x,t) — > \ 1 / 2 ip(\x, A 2 t), A G R+. For H 1 small data one 
has global existence and scattering. In the case of large data blow up may occur. 
Indeed, the classical virial identity 

^ J \x\ 2 \iP(x,t)\ 2 dx = 8 j(\V^(x,t)\ 2 -\^(x,t)\ Q )dx 

shows that if xipo G L 2 (R 3 ) and E(ipo) < 0, then the solution breaks down in finite 
time. 

Furthermore, Eq. (II. ip admits an explicit stationary solution (ground state): 



W{x) = (1 + l\x\ 2 y 1/2 , AW + W 5 = 0, 



3 

so that scattering cannot always occur even for solutions that exist globally in time. 
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The ground state W is known to play an important role in the dynamics of (11. ip . It 
was proved by Kenig and Merle [6] that E(W) is an energy threshold for the dynamics 
in the following sense. If ipo is radial and E(i/jq) < E(W) then 

(i) the solution of (11 .ip is global and scatters to zero as a free wave in both directions, 
provided ||V^o||l 2 < IIVM^H^; 

(ii) the solution blows up in finite time in both direction, provided ipo G L 2 and 

||W> ||l2 > ||W|| L2 . 

The behavior of radial solutions with critical energy E(if) ) = E(W) was classified by 
Duyckaerts and Merle [5]. In this case, in addition to the finite time blow up and 
scattering to zero (and W itself), one has the existence of solutions that converge as 
t — t- oo to a rescaled ground state. In the case of energy slightly greater than E(W) 
the dynamics is expected to be more rich and to include the solutions that as t — > oo 
behave like e* a( -^A 1//2 (t)iy(A(t)a;) with fairly general a(t) and \(t). For a closely 
related model of the critical wave equation, the existence of this type of solutions 
with \(t) — > oo (blow up at infinity) and \(t) — > 0, t\(t) — > oo (non-dispersive 
vanishing) was recently proved by Donninger and Krieger Our objective in this 
paper is to obtain an analogous result for NLS (II. ip . More precisely, we prove the 
following. 

Theorem 1.1. There exists Po > such that for any u, ao G M with |z/| + |«o| < A) 
and any 5 > there exist T > and a radial solution ip G C([T, +oo), H l PI H 2 ) to 
(II. ip of the form: 

(1.3) il>(x, t) = e ia{t) \ l/2 {t)W(\(t)x) + ({x, t), 
where X(t) = t v , ait) = aolnt, and ((t) verifies: 

\\at)\\mnm<S, 

(1.4) \\C(t)\\L- < Cr 1 ^ , 

|| < \(t)x CWIU- < cr 1 -^, 

for all t>T. The constants C here and below are independent of v,ao and S. 
Furthermore, there exists (* G H s , Vs > | — v , such that, as t — )■ +oo ; ((t) — e ltA (* — > 
Om^DH 2 . 

Remark 1.2. Theorem 11.11 remains valid, in fact, with H 2 replaced by H k for any 
k > 2 (with /3 depending on k). 

Remark 1.3. The restriction on v and «o that appears in Theorem 11.11 seems to be 
technical. One might expect the same result to be true for any v > —1/2 and any 
a G R. 

Remark 1.4. The solutions we construct to prove the theorem belong, in fact, to 
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Remark 1.5. Using the techniques developed in this paper one can prove the existence 
of radial finite time blow up solutions of the form ip(x,t) = e ia( ^ > X l ^ 2 {t)W{X{t)x) + 
((x,t), X(t) = (T — t)^ 1 ^ 2 ^ u , a(t) = aol n (^ — t), where ((t) is arbitrary small in 
H 1 n H 2 and v > 1, a £ K can be chosen arbitrarily. For the critical wave equation 
an analogous result was proved by Krieger, Schlag, Tataru in [8], see also [9] for a 
similar construction in the context of the critical Schrodinger map equation. 

1.2. Outline of the paper. The paper is organized as follows. In Section 2 we 
construct (Prop. 12. ip a sufficiently good approximate solution of (II -ip very much in 
the spirit of [4], [8], [9]. In Section 3 we build up an exact solution by solving the 
problem for the small remainder with zero initial data at infinity, the main technical 
tool of the construction being some suitable energy type estimates for the linearized 
evolution. These estimates are proved in Section 4. 

2. Approximate solutions 

In this section we prove the following result. 

Proposition 2.1. For any v and «o sufficiently small and any < 5 < 1 there exists 
a radial approximate solution ip ap G C°°(IR 3 , M.* + ) of (II. ip such that the following holds 
for t >T with some T = T(u, a , 5) > 0. 

(i)^) ap has the form: ip a P{x,t) = e ia WA 1 / 2 (t)(H / (A(t)x)+x ap (A(t)x, t)), where x ap {y,t) , 
y = X(t)x, verifies 



(2.1) 


\\x ap (t)\\ Hk 




k = 


= 1,2, 


(2.2) 


\\x ap (t)\\L~ 


< cr {1+2u)/2 , 






(2.3) 




)IUoc + ||v x ap (t)IU~ 


< Ct 


-l-2v 


(2.4) 


\\\y\- 2 x ap (t 


)ll^ + ||| 2/ r 1 v,x ap ( 


t)IU« 


<c(H + H)t 


(2.5) 


HvV p (t)|| 


L oo < c(\u\ + \ao\)r 


l-2v 





Furthermore, there exists (* G H s , for any s > | — v , such that, as t — >• +oo ; 

e ia{t) X 1/2 (t) X ap (X(t)-,t) - e itA C -> in H 1 n i/ 2 . 

('mJ T/ie corresponding error R = —iip^ p — Aip ap — \if) ap \ A 'if) ap satisfies 

(2.6) \\R(t)\\ Hk < t -^m+ 2 ^ k+1 \ k = 0,1, 2. 

The construction of if) ap (t) will be achieved by considering separately the three regions 
that correspond to three different space scales: the inner region with the scale t u \x\ < 
1, the self-similar region where \x\ = 0(t 1//2 ), and, finally, the remote region where 
\x\ = 0(t). In the inner region the solution will be constructed as a perturbation of the 
profile e ia ° lnt t u / 2 W(t u x). The self-similar and remote regions are the regions where 
the solution is small and is described essentially by the linear equation iif> t = —Aip. 
In the self-similar region the profile of the solution will be determined uniquely by 
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the matching conditions coming out from the inner region, while in the remote region 
the profile remains essentially a free parameter of the construction, only the limiting 
behavior at the origin is prescribed by the matching procedure. 



2.1. The inner region. We start by considering the inner region < t v \x\ < 
llw i/2+i/- ei with o < Cl < 1/2 + v to be fixed later. Writing i/>(x,t) as i/)(x,t) = 
e Mt)X 1 / 2 (t)u(p,t), p = X(t)\x\, we get from flU) 

(2.7) %r 2v u t - a r {1+2u) u + ivT {1+2u) (\ + pd p )u = -Au- \u\ A u. 
Write u(p,t) = W(p) + x(p,t). Then x(t) = solves 

(2.8) ir 2v x t = Hx + Af{ X ), 
where 

M„ ow4, / 1 \ / 1 



^(x)=f wrV iV( X )=iVo + iV 1 ( x )+iV 2 ( x ), 



-iv(x) 

iV = a r^W - i^-^+^Wx, W x (p) = {\ + pd p )W(p) 

N 2 (x) = ~\W + X \\W + x) + W b + 3W\ + 2W 4 x- 
We look for a solution to (12.81) of the form 



■DC 



(2.9) x(p,t) = E rfe(1+2 ^0°)- 



fc=i 



Substituting (12.91) into (12. 8 j) and identifying the terms with the same powers of £ we 
get the following system for {xfc}/c>i : 



(2.10) Hx k = V k , k>\, 

where = 



Di = -aoW + ivWi, 

D k = d£ ] + D®, k>2, 
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D k and D k 2 ^ being contributions of it~ 2u Xt ~ ^i(x) an d —N 2 (x) respectively: 
D k ] = + 2u )( k ~ l )Xk-i ~ a vXk~i + + pd p )xk-i, 



N 2 ( X ) = -J2t- k{1+2u) D?\ P ). 



k=2 

Note that D k depends on Xv 1 < p < k — 1 only: 

D k = D k (p; x P , 1 < V < k - 1). 
We subject (I2.10p to zero initial conditions at 0: Xfc(0) = <9 p Xfc(0) = 0. 

Lemma 2.2. System (12.101) has a unique solution {xk}k>i verifying: 

i) for any k > 1, Xk is a C°° function that has an even Taylor expansion at p = 
that starts at order 2k; 

ii) as p — >■ +oo ; Xk, k > 1, has the following asymptotic expansion 

k 

(2.H) Xk( P ) = Yl E «8W)V, 

1=0 j<2k-2l-l 

with some coefficients aq) verifying ct k k \ m = for all k, m. The asymptotic expansion 
(12. lip can be differentiated any number of times with respect to p. 

Proof. It will be convenient for us to rewrite (12. lOf) as 

(2.12) L + v+ = G+, L_t£ = Gfc, k > 1, 
where 

v h= Re Xk, v k =lmxk, 

G+ = ReD k , G k =lmD k , 
L + = —A — 5W\ L_ = —A — VT 4 . 

For jfe = 1 fT2~T2]) gives 

(2.13) L+< = -oqW, = i/Wi. 

The homogeneous equation L±/ = has two explicit solutions §±, 0± given by 

2 \ -1/2 / -, 

n (p 1 



$_(p) = iy( P ), e_(p)= i , o , „ 

V o J \6p 
2.14 v 7 , 

/ 2\~3/2 /-, 3 

<Mp) = ^i(p), e+(p) = -2 i + ^ --2p + /; 



3 / \p 9 
Therefore, solving fl 2 . 1 3 [) with zero initial conditions at the origin we obtain 

vt(p) = «o / P s 2 (Q + (p)$ + (s) - e+(a)* + (p) 



(2.15) 



vi(p) = -vj p s 2 (e„(p)<s>„(s)-e„( s )^(p))w 1 (s)ds. 
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Since W, W\ are C°° even functions, v± and v± are also C°° functions with even Taylor 
expansion at p = that starts at order 2. Furthermore, the asymptotic expansions 
of Vi and v f as p — > +oo can be obtained directly from (I2.15p . As claimed, one has 

vf{p) + iv^(p) = OoiV + Yl a ^jP 23 ~ l ln ^' as p ^ +oo. 

We next proceed by induction. Let us consider k > 1 and assume that we have 
found Xii i — 1) ' ' ' ) & — 1> that verify i), ii). Then one can easily check that D k is an 
even C°° function with a Taylor series at starting at order 2(k — 1) and as p — > +oo, 
Dk admits an asymptotic expansion of the form 

k— i 

Dk(p) = Y E 4?( ln p)V' + (inp) fe ^4 fc fc V, 

1=0 j<2k-2l-3 j<-5 

where G^fc-i = an d 4m k = 0' Therefore, solving L±v k = G k with zero 

conditions at p = we get a C°° even solution which is 0(p 2k ) at the origin. 
Finally, the asymptotic expansion at infinity follows directly from the representation 

vt(p) = - /% 2 (e ± ( P )$ ± ( s ) - e ± (*)s ± (p))Gfoo<fo. 

</ 

□ 

Remark 2.3. Clearly, for any fc, Xk is a polynomial with respect to «o and z/ of the 
form 

Xk = Yl a 0V n X k m ,n(p)i 
l<m+n<k 

where the coefficients Xm n are functions of p with an even Taylor expansion at 
that starts at order 2k. As p — > +oo, xtm admits an asymptotic expansion of the 
form (EED). 

For any N > 2, define 

x {N \ P ,t) = Yt- k ^ Xk {p). 
k=\ 

It follows from our construction that y^ N ' verifies 



(2.16) 



< 



p-%Ht- 2 »xf ] +Hx w +Af(x {N) )) 

c N>l , k t- (N+m+2u) < p > 2N - l - l -\ 

for any k, I e N, k + I < 2N, < p < 10t^+^ £l , t > 1. 
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Fix N = 27, e 1 = and set 



u ap = W + y ap y ap = y (27) 

1 Am' Am A ) 



■in • 



As a direct consequence of Lemma [2T21 and estimate (12.161) . we obtain the following 
result. 

Lemma 2.4. For any ao e M. and any v > — | t/iere exzsfo T = T(a , > stzc/i 
t/iat for t >T the following holds, 
(i) The profile Xin(t) ver "ifi es 

( 2 - 17 ) Mll^^^-n) < c-(H + Mri- 

(2-18) llp- fc ^|| Loc(0 ^ 10t , + ,- E1) < C(M + |ao|)r^, 1 < k + I < 2, 
(2.19) llp- fc ^X^II, 2(p2dpi0 ^ 10 ^ + ,- ei) < <W + |ao|)r(!+^H), fc + J < 2. 
(mJ T/ie error TZ in (t) admits the estimate 

(290) \\n~ k B l V- (t)\\ 1 < +-3(l+2^)/4-ei(2Ar+l/2) L,7 <2 

2.2. The self-similar region. We next consider the self-similar region ^ _£l < 



t" 1/2 < 10t £2 , where < e 2 < 1/2 to be fixed later. Write ^(M) = e ia ° ln *)T 1/4 M;(?/, t), 
y = t _1 / 2 |x|. Then, w(t) solves 

(2.21) itw t = (C + ao)w — \w\ 4 w, 

where C= -A + |(± + yd„). 

Note that in the limit p — > +oo, y — > one has, at least, formally 

t^(w( P ) + J2t- k(1+2 » ) x k (p)) = 

k>l 

(2-22) i 

n>oo<«<f fc>; 

where oq^, k ^ 0, are given by Lemma I2T21 and afj come from the expansion of W(p) 
as p — > oo: 

^(p) = E a oV' «5> = 0VmGZ. 



This choice has no specific meaning here. To produce an approximate solution with an error 
verifying it is sufficient to require (2 AT + 3)ei > 3(1 + 2i/)/2, < e x < H^, see flUD]) and 

(USD, (EH. 
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Eq. (I2.22p suggests the following ansatz for w: 

(2.23) w(y,t) = J2 E t- k{2n+1){1+2v \^y + {\ + v)\nt) l A r , l {y). 



n>0 0<K§ 



As it will become clear later, to prove Proposition I2.1[ it is sufficient to consider only 
three first terms of expansion (I2.23p . Therefore, we look for an approximate solution 
of the form 

< p s (y,t) =t- {1+2 ^A 0fi (y) +t-WWA lt0 (y) 

+ r 5(1+&)/4 (i 2 , (2/) + (In y + (i + v) bit)A 2)1 (y)). 

Substituting this ansatz into the expression —itw t + (£ + ao)w — \w\ 4 w one gets 

-itdtvft + (£ + « )< - Kl VT = t-^ )/4 S 0fi (y) + rW+Ws^y) 
(2.24) i 

+ t-^ 1+2 ^ 4 (S , (y) + (\ny + (- + v) Int^G/)) + 

where 

S'n.oCl/) = (>C + ^)A»,o(2/): n = 0,l, 
5 2il (y) = (£ + /i 2 )A 2il (y), 

S 2 ,o(y) = (£ + H2)A 2 M -iuA^y) - 2^A a>1 (y) - ^2 - |A , (l/)| 4 Ao,o(y), 
S(y,t) = -|<f(y,t)| 4 <?(^) + r 5 ( 1+2 ^ 4 |A ,o(l/)| 4 A 0i o( 2 /). 

Here /i„ = a + f (2n + 1)(1 + 2z/). 

We require that >S n j = 0, n = 0, 1, 2, / = 0, 1, which means that the corresponding 
A n j have to solve 

{(£ + H n )A nfi = 0, n = 0,l, 
(£ + /i 2 )A 2j i = 0, 
(£ + /i 2 )A 2>0 = zi/A 2>1 + \d y A %x + ^ + |A 0i0 | 4 A ,o 

In addition, in order to have the matching with the inner region, A n) i have to satisfy 

(2.26) A n M = ^l-n-iv 2k - n -\ v o. 

k>l 

Lemma 2.5. There exists a unique solution of (12. 25ft i/iai as y — > admits an 
asymptotis expansion of the form 

(2.27) A n , l (y) = Y,d n ,k,iy 2k - n -\ 

k>i 

with d 0i0i0 = a$_ v di )1)0 = a™ and d 2,i,o = «a-r 
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Proof. First of all note that the equation (£+//)/ = has a basis of solutions ex(y, //), 
e 2 (y, //) such that: 

(i) ei(y, //) = - + (// — f )ei(y, //), where e"i is an entire function of y and //, odd with 
respect to y\ 

(ii) e2 is a entire function of ?/ and //, even with respect to y, and as ?/ — > 0, e2(y, /i) = 
l + 0(y 2 ). 

Two first equations of (I2.25|) together with f!2.27j) give 
(2-28) MM = a^e^y, // ), ^i,o(y) = a^e 2 (?/, /ii). 

We next consider the remaining equations of f)2.25p . Equation (£ + fi 2 )A 2t i(l/) = 
and (12.271) yield A 2i i(y) = coei(y,fi 2 ), with some constant Co. Then, for A 2tQ we have 
(£ + /i 2 )^2,o = -F, where 

2 

F = c (iz/+ -<9 y + y~ 2 )e 1 (y,fx 2 ) + |A 0i0 | 4 A),o. 

y 

As y — > 0, F has an asymptotic expansion of the form 

F(y) = J2 

i>-2 

with some coefficients k_ 2 and k_i + c being independent of cq. 
Write A 2fi (y) = + A 2fi (y). Then A 2 , solves 

(2.29) (£ + // 2 )1 2 , Q = F, 



where F = F + + A*2)^3 has the following asymptotics as y — > 0: 

- F (?/) = Kiy 2l ~ X i K-l = K-! - c , 
»>-i 

with independent of c . Take c = Then Eq. ( I2.29|) has a unique solution 
of the form 

^2,0(2/) — «o 1 l 1 ei(?/, // 2 ) + a C°°odd function. 

□ 

Remark 2.6. By uniqueness, v4 n / given by Lemma 12.51 verify matching conditions 
f l2.26p . Note also that all A n i are entire functions of Oq and v. 

We next study the behavior of A n> i as y — > +00. To this purpose notice that for 
any //EC, equation (£ + //)/ = has a basis of solutions //), /2(y, A 4 ) such that 
yfi, yf 2 are smooth functions in both variables and as y — » +00 one has 

(2.30) A(y, //) = y -V2+^(i + (y- 2 )), / a (y, //) = j$y-*l*-*»(l + 0(y- 2 )). 

These asymptotics are uniform in // on compact subsets of C and can be differentiated 
any number of times with respect to y. 
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Decomposing A 1>0 , A 20 , A 2>1 in the basis fx, f 2 one gets 
/ 231 \ A n,o(y) = d ifi(y>Vn) + d 2 l f 2 (y,fi n ), n = 0,l, 

a 2 ,i{v) = <%fi{y,te) + <%My>t*2), 

with some coefficients d", j = 1,2, n = 0, 1,2. As a consequence, as y — > +oo, one 
has 

AoM = dW ia °- l ~ v {l + 0(y~ 2 )) + ^e^/V 2 "*"" 2 ^! + 0(y- 2 )), 

(2.32) A li0 (j/) = d\y 2ia °- 2 -^{\ + 0(y- 2 )) + ^e^/V* 00-1 * 3 ^! + 0(?T 2 )), 
A 2 |i(y) = d 2 y 2ia °- 3 - 5l/ (l + o\y~ 2 )) + d 2 e^ 2 / 4 ?/- 2iao+5i/ (l + 0(y- 2 )). 

Asymptotics (12.321) can be differentiated any number of times with respect to y. 
Let us now consider A 20 and write it as 

(2.33) A 2i0 {y) = 2d 2 1 u\nyf 1 (y, l x 2 )-2(u+l)d 2 2 \nyf 2 (y, f i 2 ) + A 2fi (y). 
Then A 2 (y) solves 

(2.34) (C + fi 2 )A 2fi = G, 
with G = d\G\ + G 2 , where 

G x = -rf 2 (l + 2u)(2y- 1 d y + y- 2 - i)f 2 (y, /z 2 ), 

G 2 = |A ,o| 4 A ,o + d\{\ + 2v)(2y- x d y + y- 2 )h(y, fi 2 ). 

It follows from the asymptotics (12.301) . f!2.32j) that Gj, j = 1,2, has the following 
behavior as y — > +oo, 

3 

G l {y) = e ty2/i y- 2iao G hl {y), G 2 (y) = ]T ^^y-^^G^y), 

m=—2 

d l y G hl (y) = 0(y- 2+5u - 1 ), 

& y G 2 , m {y) = 0(y- 5 - 5 ^ m ^- 2 ^- 1 ), -2 < m < 3, 

for any I > 0, provided v is sufficiently small. 
Integrating (12.341) one gets 

(2.35) A 2fi (y) = Ai/i(y,// 2 ) + X 2 f 2 (y, // 2 ) + <%gi(y) + g%{y)- 

Here Aj, i = 1,2, is a constant and gi, i = 1,2, is the solution of (£ + fi 2 )gi = Gi, 
with the following behavior as y — > +oo: 

g l (y)=e i y 2 / 4 y- 2ia °g hl (y) 7 

(2.36) ^ 1 , 1 (y)=0(r 2+5 ^), 

^2,m(y) = Od/- 5 - 5 ^^ 1 - 2 ^-'), m = 0, 1 
di<7 2 ,m(</) = 0(i/- 7 -^-H(i^)-^ m = _ 2 , -1, 2, 3, 

for any / > 0. 
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Denote 

^(p^) = ^ (1+2i/)/4 <rr (1+2 ^ )/2 p,t), 

x7s(p,t) = < p s ( P ,t)-w(p), 

The next lemma is a direct consequence of (I2T26I) . (12^301) . (ESD, (ESI, (ESS]) and 

Lemma 2.7. For any a^, v G K sufficiently small there exists T(«o, ^) > st/c/i i/jai 
/or t > T(«o, following holds, 

(i) Xss(t) verifies 

(2-37) llxSWIU^i^^i^^C-H-, 

(2.38) ll^pXSWIU^i^n^i-H^) ^Cr 1 ^, fc + i = l, 

(2.39) llp- fc ^(t)|l LOO( ^ a+ ^ ei < p < loa+ , +£2) < C(|a | + kDr 1 - 21 ', fc + Z = 2, 

(2 401 \\o~ k d l Y ap (t)\\ i i < (7f-( 1 +2")(l-2e 2 )/4 1<i. + /< 9 

(zzj T/ie error lZ ss (t) admits the estimate 
(2.41) 

Ip^MI^^.^^ < «-•*<•••»**, 0<* + <<2. 
fmj T7ie difference u^(p,t) — u^(p,t) verifies 

(2.42) |<9 p « n p (t) - <(t))| < Cp- 2 -H^ 1+2v \\nt + ^(i+2,)/2-(2Ar+3) £l)) 

/or anyl>0 and ^U +U ~ ei < p < 10t^ +v ~ £1 . 

2.3. The remote region. We next consider the remote region \x\ > xo^ 2+£2 - in 
this region we take as an approximate solution to (II. ip the following radial profile: 

fi(i> t) = vx(x, t) + v 2 (x, t) + v 3 (x, t), 

where 

Vl (x,t) = e^t [d O t - { l + u)/2 fi{y ^ o) + d l r (2+3„)/2 /i( ^ i)]; y = ^1/2^ 

v 2 (x,t) = Q 5 (f) e^ ln * [^-( 1 +^/ 2 / 2 (y ) /i ) + d\t-^/ 2 f 2 (y, p 1 )+ 
+r (3+5,)/2 ^ (y )_ (d*(2i/ + l)ln(M) -A 2 )/ 2 (y,^ 

0,(0 = 0(f), © e ^(K 3 ) is radial, 0(0 = { J || J*j | J 
Finally, v 3 (x,t) is given by 



■ \ x \ 

v 3 (x, t) = -^v 3 {-) , r 3 = -^A0 5 - 2iVz ■ VQ & 
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z 
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-2fao-i+3* _ + 1) In \i\ - \ 2 )\£\- 2iao+5u . 

It follows from the asymptotics ( 12 .30 j) that for t > T with some T = T(5) > and 
any / > 0, one has 



(2.43) 



|VV0M)l < Ci\x\ 



-l-l-u 



l-2+v 



± t l/2+e 2 < 

10 

1 



x\ 



— 1 1/2+£2 < \x\ < 2St. 
10 



Furthermore , v 2 can be written as 

v 2 (x,t) = v 2 ,o{x,t) + v 2 ,i{x,t), 

(2.44) 



«2,oOM) 



e 4« 



e* - )z - 



X 



6 4i / X\ 

V2,i{x,t) = -pj^Qs y-) v 2)1 (x,t), 



£3/2 - " V t 

with -02,1 verifying, for any / > 0, 

(2.45) |V'u2,i(x,t)| < Cit 3 - u \x\- l ~ 4+u , ^t 1/2+£2 < \x\ < 25t. 

We next address V3. One has 

l|v^3(0ll^( W >i tl / 2+e2) <^r 5 / 2 r 4+ ^, 
l|v't*(*) ll^d,!^^) < ar's- 5 ^, 

for any I > and t > T(S). 

As a direct consequence of estimates (12.431) . (I2.45[) . ( I2.46[) . one obtains 



(2.46) 



(2.47) 



ap 
out 



\x\ l ip ap 



L°-(\x\>^th+^ ) 

-> 

out 



< cr^ +E2){1+u) , 
< cr 5 ' 4 , 



X7 l ih ap 

V ^OUt\-)\\ Loa{]iX ^l_ t ^+e 2) 



L°°(\x\>±th+*2) 

<Ct~ 5/ \ 1 = 1,2, 



■ 10 
1 



< CS v+l-l/2 l = lO 



v'(C(t)-%.(«))ll 



L 2 (W>^+*2) 



< Ct -§(|+«)(l+2 1 ,) j / = 1 ;2 , 



l LH\x\>±t?+^) 

provided | < e 2 < |, v is sufficiently small and t > T(S). 
Denote 

V£?(x,t) = e^H-^w^it-^lxl^), 

and consider the difference ip^(x,t) — ^^ t (x,t). For ^j^^ 2+£2 < M < 10t 1/,2+£2 one 
has 

(2.48) = e^ ln *t-( 3+5 ^ 2 ((rf 2 (l + 2z/)ln|x| + A 1 )/ 1 ( 2/ ,/i 2 )+^( Z /)), 
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which together with ( 12 .30 j) and ( I2.36|) implies that 

(2.49) \V l (ipZt ~ < Cid lnt|r ( 5+ £2 )( 3 + 5 ^) + r (|+ £ 2)(3+5,+i) )) 

for any / > and ^i 1 / 2 "*" 52 < \x\ < lOt 1 / 2 " 1-52 , provided z/ is sufficiently small. 

We next analyze the error R out (t) = -id^ZM ~ A CtW - l^ZMl^ZM ■ lt 
has the form 

Rout(x,t) = [tv 2:1 (x,t)AQ 5 + 2t 2 Vv 2A (x,t) ■ V6 5 ^ 



(2.50) 



+A£ 3 (I)] -|«|VSr- 



Combined with (153511 . (I2T45|) . P3SD , representation ( 1230]) gives for | < e 2 < ± and 
z/ sufficiently small, 

(2.51) \\V l Rout(t)\\ L 2 {lxl >^/* + e 2) < Cr^ 1+2u \ t > T(6), I = 0,1,2. 

2.4. Proof of Proposition 12.11 We are now in position to conclude the proof of 
Prop. 12.11 Fix e 2 such that | < e 2 < \ and consider the radial profile ip ap (x,t) 
defined by 

tfj ap {x,t) =e(r 1 / 2+£i x)C p M) + (i - e(r 1/2+£1 x))e(t-^ 2 - S2 x)^ p (x,t) 
+ (i-e(r 1 / 2 - £2 *)«M), xeR 3 , 

where if>£{x,t) = e iaolnt t u / 2 u%{t u \x\,t). Write ip ap as tp ap (x,t) = e iaolnt t u / 2 (W{y) + 
X ap (y,t)), y = t u x. By Lemma EJ (estimates (EH3), (EES)), Lemma O (estimates 
(TOTT) . (TX38D . (E32J)) and fl2T47D one has 

(2.52) \\x ap (t)\\ L ™ < cr (1+2 ^ 2 

(2.53) ||M-V P (*)IU~ + \\Vx ap (t)h~ < Cr 1 - 2 ^ 

(2.54) \\\y\~\ ap (t)\\L~ + Hlyr'V^WIlL- < C(\u\ + \a \)r l - 2 \ 

(2.55) ||V 2 x*(t)||i- < C(\u\ + laoDr 1 - 2 ". 

All the estimates stated in this subsection are valid for v sufficiently small and t > 
T(a ,v,5). 

Futhermore, it follows from Lemma 12.41 (estimate (I2.19P ). Lemma 12.71 (estimate 
(12.39P ) and two last inequalities in (12.471) that 

\\vYmy ( \y\<i 0t v^) < ct-o+w-w, « = i,2, 

||VV P (*)-xTO)IL 2 (|,|>^ 4 = 1,2, 

where Xo P (v,t) = e- ia ° lnt t- u / 2 v 2fi (t- u y,t). 
Inequalities (12.561) imply, in particular, 

\\v l x ap (t)\\L* m < cr* 1 - 1 ^- 1 ' 2 , 1 = 1,2. 
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Moreover, introducing (*( x ) — 7r~ 3 / 2 e 3Mr//4 L 3 d£e %a> 'tQ s (2£)z(2g) an d observing that 
C* G H S {R 3 ) for any s > 1/2 -u, and \\V l (v 2>0 - e iAt C)\\ L ^\x\>t-y) -> as i -> +cx) for 
any 7 > an d any / > 1, one obtains that 

e ta{t) X 1/2 (t)x ap (\(t)-,t) - e itA C -> in if 1 n if 2 as t ->• +00. 

This concludes the proof of the first part of Prop. 12.11 

We next consider the error R = —iip^ p — Aip ap — \%l) ap \ i %l) ap . It has the form 

R = Ei + E 2 + E3 + E4. 

where 

- 2r 1 / 2+ei (v^(x,t) - vif>%( x ,t)) ■ ve(r 1 / 2+£i x) 

- r 1+2£i t) - 0)Ae(r 1 / 2 +^a;), 

- 2r 1 / 2 -^(v^ s p (x,t) - WCtOM)) • ve(r 1 / 2 - £ ^) 
e(0 = e-ve(0, 

and E 3 , E± are given by 

E 3 =Q{t-^ 2+£ 'x)R in {x,t) + (1 - 0(r 1 / 2+£l a;))e(r 1 / 2 - £2 x) J R ss (x,t) 

+ (i-6(r 1 / 2 - £2 x)) J R out (x,t), 

+ (1 - Q(r 1/2+£i x))e(r l/2 - £2 x)(\^^ - |^ ap |V ap ) 

+ (1 - er^-^jjdcivi - 

Here 

RiniXit) 6 t ^ T^init X. . Cj . R ss {x^ t) 6 t ^ 7i, ss (t |x|,t). 

First we adress E\. By Lemma [2.71 (iii) we have 

(2.57) \\E X \\ H , < cr 9 ( 1+2 ^/ 4+ ^ +5£l / 2 lnt < Ct^ 2+ ^ 1+2 »\ 
Similarly, from ( I2.49P we get for E 2 . 

(2.58) \\E 2 \\ H 2 < ct- 1 -(l+«)(l+ 5 -) lnt < Q-^iK 1 ^. 

Next, we consider i£ 3 . From Lemma [53] (ii) , Lemma [2T71 (ii) and (I2.5ip it is apparent 
that 

(2.59) \\E 3 \\ H2 < c r f(i+2,) + 5 £l /2 < c , r ( 2 +A )(1+2l , ) _ 
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Finally, applying Lemma 12^1 (estimates (I2.17p . (I2.18P ). Lemma [2T71 (estimates (I2.37p . 
(l2~38l) . ( 12391) .( 12T421 ) and ( l2~47l) . (|2~49|) . it is not difficult to check that 

(2.60) ll^llfla < cr 3(1+2i/) . 

Combining ([237]) . fl238|) . fl239|) . fl2T60|) . we get flUD, which concludes the proof of 
Prop. O 

3. Construction of an exact solution 

We are now in position to prove Theorem 11.11 Consider (jl.ip and write ijj(x,t) = 
e ia ° lnt t u / 2 U(y,T), where y = t u x and r = jt^;- Further decomposing U as 

U(y,r) = U ap (y,r) + f(y,r), U ap (y,r) = e- lQ ° lni t-^V P (M), 

where ip ap is the approximate solution of (11 .ip given by Prop. (12.11) . we get the 
following equation for the remainder / 

r 



(3.1) tf T = H(r)f + T(f)+r, f 

where 

U(t) =H + t- 1 L 



f 



H = -Aa 3 - 3W 4 a 3 - 2W 4 a 3 a 1 , I = ^y^3 - + V ' V )> 

Hf) = (_^y) > F W = W) + W) 
F 1 (f) = V l (r)f + V 2 (r)J, 

V 1 (t) = 3{W A - \U ap (r)\ 4 ), V 2 (r) = 2{W A - (U ap (r)) 2 \U ap (r)\ 2 ), 
F 2 (f) = -\U ap + f\\U ap + f) + \U ap \ 4 U ap + 3\U ap \*f + 2(U ap ) 2 \U ap \ 2 J, 



r 

— r 



r(y, T ) = t- 5u/2 e- iaolnt R(x,t). 



R being the error given by Prop. 12.11 Note that by Prop. 12. II one has 

(3.2) || H(r) \\ w ^ m <C(\a \ + \v\)T-\ z = l,2, 

(3.3) ||f/ ap (r)|U 2 -(M3)<C, 

(3.4) \\r{T)\\ mm <Cr- 2 - l s, 

for any r > r with some r > 0. 

Our intention is to solve (13. ip with zero condition at r = +oo by a fix point 
argument. To carry out this analysis we will need some energy type estimates for the 
linearized equation if T = "H(r)/. The required estimates are collected in the next 
subsection, their proofs being removed to Section 4. 
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3.1. Linear estimates. We start by recalling some basic spectral properties of the 
operator H (a more detailed discussion and the proofs can be found, for example, in 
[5]). Since we are considering only radial solutions, we will view H as an operator on 
L 2 rad {R 3 ; C 2 ) with domain D{H) = H? ad (R 3 ; C 3 ). H satisfies the relations 

a 3 Ha 3 = H*, o x Eo x = -H. 

The essential spectrum of H fills up the real axis. The discrete spectrum of H consists 
of two simple purely imaginary eigenvalues zAo, — «A , A > 0. The corresponding 
eigenfunctions ( + , are in iS(IR 3 ) and can be chosen in such a way that (- = a~iC+ = 
C+. Notice also that HW(A = HWxQ) = 0. which means that H has a resonance 
at zero. 

Consider the projection of the linearized equation if T = 7i(r)f onto the essential 
spectrum of H: 

(3.5) if T = PH{r)Pf. 



Here P is the spectral projection of H onto the essential spectrum given by 

p = i-p + -p-, p±= }; a3< *\ c±, 

(-, ■) is the scalar product in L 2 (M 3 , C 2 ). 

Let U(t, s) be the propagator associated to Eq. (13 .5p . In Section 4 we prove the 
following results. 

Proposition 3.1. There exists a constant C > such that 

\\U(r,s)f\\ H ,<C[-) \\f\\ Hh 
for any s > r > and any f e H^ ad . Here ot\ = v\ = 

3.2. Contraction argument. We now transforme (13 .ip into a fix point problem. 
Rewrite (13. ip in the following integral form 



(3.6) 



f(r) = J(f)(r), 
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where 

J(f)(T) = Mf)(T) + J + (f)(T) + J-(f)(r), 

/+oo 
dsU(r,s)P(T 1 (f(s))+r(s)), 

/+oo 

J_(/)(r) = -i [ T dse~ x ^P4T 2 (f(s)) + r(s)), 

= F(f) + s-Hf, 

Ti > max{r , 1} to be fixed later (slightly abusing notation we identify in (13.61) C 2 
vectors of the form (jj with their first component /). 

Our intention is to view J as a mapping in the space C([ti, +oo), H 2 ad ) equipped 
with the norm |||/||| = sup r>T1 ||/(r) ||#2r 1+1 / 16 , and to show that J is contraction 
of the unite ball |||/||| < 1 into itself provided |ct | + \v\ is sufficiently small and T\ 
is chosen sufficiently large. Indeed, by (13.31) . (13. 2j) one has, for any f,g e H 2 with 
ll/llff" < 1, Mm < 1, 

- H9)\U> < C{\\f\\ H 2 + \\g\\ H > + (|a | + Wl)^ 1 )]]/ - g\\ m , 

\\P±(^2(f) - ^))|| < C(\\f\\ H s + \\g\\ H s + (\a \ + WDr-^Wf - g\\ H ,, 
which together with ( 13.4}) and Prop. 13.11 gives 

II W) II I < \ + Crr 1/16 , \\\J(f) - J( 9 )\\\ <{\ + Cr- 1/W )\\\f -g\\\, 

for any f,g E {\\\h\\ \ < 1}, provided \a \ + \u\ is sufficientlt small. This means that 
for T\ sufficiently large, J is a contraction of the unit ball |||/||| < 1 into itself and 
consequently, has a unique fixe point / that satisfies 

II/MIIj^t- 1 - 1 / 18 , Vr>T lf 
which together with Prop. 12.11 gives Theorem 11.11 

4. Linearized evolution 

In this section we prove Prop. 13.11 The proof will be achieved by combining the 
results of [5] with a careful spectral analysis of the operator H around zero energy. 
The section organized as follows. In subsection 1 we consider the operator H as before, 
restricted to the subspace of radial functions, and construct a basis of Jost solutions 
for the equation H( = EC,. In subsection 2 we study the spectral decomposition of 
H near E = 0. In subsection 3 we prove Prop. 13.11 by combining the results of the 
previous two subsections with the coercivity properties of H established in [5]. 
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4.1. Solutions to the equation HQ = EQ. In this subsection we construct a basis 
of Jost solutions of the equation H( = E(, E G R. Since the subject is completely 
standard we will only briefly scetch the proofs (see also |T], [7] for a closely related 
construction in the context of energy subcitical NLS). Recall that 

H=-(dl + 2p-%)a 3 + V(p), V=(^ 

V x {p) = -3W\p), V 2 (p) = -2W\p), W{p) = (1 + pVS)- 1 / 2 . 

We emphase that V(p) is a smooth function of p that decays as p~ 4 as p — > oo. 
Since <i\H = —Ho\ it suffices to consider the case E > 0, so we write E = k 2 , k > 0. 
It will be convenient for us to remove the first derivative in H. Set / = p(, then one 
gets 

(4.1) Hf = Ef, H = -d 2 p a 3 + V(p). 

We will consider the operator H on R, to recover the original radial M 3 problem it 
suffices to restrict H to the subspace of odd functions. 

We start by constructing the most rapidly decaying solution to (14.11) . 

Lemma 4.1. For all k > there exists a real solution f 3 (p, k) of the equation 

(4.2) Hf = k 2 f, 

such that f 3 (p, k) = e~ kp X3(p, k), where \z is C°° function of(p, k) e MxM^ verifying 
Xs(p,k) = (J) +a(p,k), 

\& p d?a(j3,k)\ <Ci<p >- 2 - l + m (l + k<p >y 1 ~ m ,m = 0,1, 
(43) \d l p d 2 k a(p, k)\ < Q < p >- 1 (1 + k < p >)- 3 In (t^j^ + 2 
for all p>0, k > and I > 0. 

Proof. One writes the following integral equation for xs 



+oo 



Xs(p, k) = - / K(p - s, k)a 3 V(s)x 3 (s, k)ds, 



sin fc£ 







k) — ^ * sinh kj j 

The statement of the lemma follows then from the estimate 

\8iK(Z,k)\<C l < ™ > l+v e<0, k>0, />0 
and the decay properties of V: 



|^V(p)|<Q< P >- 4 -', P eR, />0, 



by standard Volterra iterations. □ 



(4.4) 



ENERGY CRITICAL 3D NLS 19 

We next construct the oscillating solutions to Eq. ( 14. 2p . 

Lemma 4.2. For all k > there exists a solution fi(p, k) of Eq. (14 ,2p such that f\ is 
a smooth function of (p, k) G M x o/ £/ie /orm /i(p, fc) = e ifcp (Q + 6(p, fc)) ; where 
b verifies 

\b(p,k)\<C(< p>- 2 +ke~ kp ), 
\d p b(p,k)\<C(<p>- 3 +k 2 e- kp )i 
\d k b(p,k)\ < C(< p>- 1 + <kp> e~ kp ), 
\d%b(p,k)\ < C(< p >- 2 +k<kp> e- k n, 

for all p > ; < k < 1. In addition, one has 

\d 2 k b(p,k)\<C In Q + l 
/ora^0<p<l, 0<A;<1. 

Proof. To construct /i we will reduce the order of the system (14.21) by means of the 
substitution fx = zofo + ^i(q). Further setting z 2 = z' fa 2 , /3 = (^), we get that 
z = solves 



(4.5) 
Here 



ii 



- z'l - k 2 zi + VxxZx + V 12 z 2 = 0, 

- Z 2 + + V2l2l + V^2-22 = 0. 



f'31 2 

Vi - Vx2 = 72~(/3,l/3,2 ~~ f3,lh,2) 

J3,2 J 3i2 



V5 
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22 



/3,: 



-(/3,2 + ^3,2). 



By Lemma H~T] there exists > independent of k, such that the functions Vij(p, k), 
i,j = 1,2, are smooth in both variables for k > and p > R and verify for all I > 0, 
p > i2, k > 0, 



(4.6) 



cfe(p, A;)| <C l <p> 



-4-Z 



J = 1,2, 



(p, A;) I < Q < p >-"- l < kp >- 2 , 
d l p d 2 k Vxx{p, k)\<Q<p >- 4 ~ l < kp >' 3 In ( f - + 2 ) , 



1 

fcp 



W^a(P,*)l<d<P> 



-3— i+m 



< kp > 



-l—m 



j = l,2, m = 0, 1, 



d l p diV 22 (p, k)\<d<p > ll < kp >^ In ( — + 2 
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Writing for z the following integral equation 



and taking into account ( 14. 6p . one proves easily the existence of a smooth solution 
satisfying 

(4.7) 

\d l p d^{e- ikp Zl - 1)|+ < p > \d l p d^{e- lkp z 2 )\ < Q < p >- 2 - l+m < kp >- 1 - m , m = 0, 1, 



\d n p dl{e- ik " Zl - 1)| + \d n p d 2 k (e- tkp z 2 )\ < Chi (J^ + 2j 



n = 0, 1, 



for all p > R, k > 0, I > 0. 
To reconstruct fx, we set 



h,2(s,k) J R / 3 ,2(s,0) 



Then, for p > R, the statement of Lemma 14.21 follows directly from (14. 7p and Lemma 
14.11 To cover the case x < R one can invoke the Cauchy problem with initial data at 
p = R. □ 



Note that since k 2 G M, /2O, = fx( 4 ,k) is also a solution of ( 14.2R . 

Remark 4.3. Recall that the equation Hf = has a basis of explicit solutions 
P&±(p)(±x)i P©±(p)( ±1 ), with $ ± , 6-t given by (12.141) . Comparing the behavior of 
p$>±, p0±, with the asymptotics of fx(p, 0), fs(p,0), one gets 

(4.8) A( P ,o) = ipte,00 + £i00), / 3 (p,o) = i P (6(p) -eo(p)), 

where £ = ^(A), = -^WiQ. 

Next, we construct an exponentially growing solution at +oo. 

Lemma 4.4. For any k > 0, t/iere exzsis a solution f±(p,k) to H4.2[) stzc/j #ia£ /4 = 
e fcp X4 wit/i X4 verifying 

d l p (x*(p, k) - (J)) = O fc (p- 3 -'), P +oo. 
Proof. We construct /4 by means of the following integral equation: 



+ / I * e2fc( °-P) ) V X 4(s,k)ds. 

«i V —is - 
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For k > and R\ sufficiently large (depending on k), the operator generating ( 14. 9 p is 
small on the space of bounded continuous functions. Therefore, ( 14. 9ft has a solution % 4 
verifying \xi{p, k)\ < C ', p > Iterating this bound one gets that Xi(p: k) — (®) = 
O k (p~ 3 ) as p — > oo. Finally, the estimates for the derivatives can be obtained by 
differentiating (fl~9j) . □ 

We now briefly describe some properties of the solutions fj, j = 1, ... ,4, that we 
will need later. Recall that the Wronskian w(f,g) = (/', g) R2 — (f,g') R 2 does not 
depend on p if / and g are solutions of (14. ip . 

The estimates of Lemmas 14.11 14.21 14.41 lead to the relations: 

(4.10) w(f u h) = 2ik, w(f u fs) = w(f 2 , f 3 ) = 0, w(f 3 , U) = -2k, k > 0, 



the three first relations being valid for k = as well. Notice also that by Lemmas I4.1[ 
I4.2[ dkfi(p, 0), d}-fz{Pi 0) are solutions of the equation Hf = verifying for p > 0, 

\9MP, 0) - (; P ) I < C, \dt pfl (p, 0) - Q i < 
\d k fs(p, 0) + (°) I < , \dUs(p, 0) + H I < ( ' 



As a consequence, one has 

, ( 1 1 , w(d k f 1 \ k= ^ fi\ k =o) = i, w(^b/i|*=o, /a|ft=o) = °> 

«>(^/3|*=0,/i|*=o) = 0, ^(^fc/3|fc=0,/3|fc=o) = -I- 

In addition to scalar Wronskian we will use matrix Wronskians. If F, G are 2x2 
matrix solutions of (I4.2p . their matrix Wronskian 

W(F, G) = F l 'G - F l G' 

is independent of p. 

Set Qjip, k) = fj(—p, k), j = 1, . . . , 4. Since the potential V is even, gj, j = 1, . . . , 4, 
are again solutions of (14. 2 p which have the same asymptotic behavior as p — > — oo as 
fj as p — > +oo. 

Consider the matrix solutions F, G, defined by 

F={fi,h), G=(g u g 3 ). 

Denote D(k) = W(F, G). It follows from Lemmas 14.11 14.21 that D is smooth for k > 
and admits the estimate 

(4.12) \d 2 k D{k)\ < C In (f + 1 J , < k < 1. 



-2i 
2 



In addition, by gSD, (ICTD . ( HTTT) . one has 
(4.13) D(0) = 0, d k D(0) 
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4.2. Scattering solutions and the distorted Fourier transform in a vicinity 
of zero energy. Set 

(4.14) F(p,k) = F(p,k)s(k), 

where s(k) = D^ 1 (k) ( 2i Q k ) . By iil2| . ( Q5j) . s = (£) is a smooth function of k for 
< k < k (k Q sufficiently small), continuous up to k = 0, verifying 

Sl (0) = -1, « 3 (0) = 0, 

^ ' ' \d k s{k)\ < C\\nk\, < k < k . 

By construction, one has 

gi) = 2ik, w(F, g 3 ) = 0, 
for any < k < k$. As a consequence, 

(4.16) T(p,k) = r 1 (k)g 1 (p,k)+g 2 (p,k)+r 2 (k)g 3 (p,k), < k < k , 
with some coefficients ri(k), r 2 (k) that, by (14. 8p . (I4.15p . verify 

(4.17) n(0) =r 2 (0) = 0. 

Computing the Wronskians w^J 7 ,^) and u^J 7 , Q), where Q(p,k) = F(— p, k), one 
gets 

\s 1 (k)\ 2 + \ ri (k)\ 2 = 1, ri(fc)si(fe)+®i(fe) = 0, 0<A;<fc . 
One can write the following Wronskian representation for r\: 

(4.18) r,(*)-M*)%^W)%^ 
Using (I4.15P and the relations 

w(g 2 ,h)\k=o = w(g 2 J 1 )\ k=0 = d k w(g 2 , fi)\ k =o, 

one easily deduces from (14. 18j) that r\ is smooth for < k < k Q , continuous up to 
k = 0, and verifies 

(4.19) |dlfcri(Jfe)| < C|lnA;|, < k < k , 

which in its turn, implies that r 2 is smooth for < k < ko, continuous up to k = 
and admits a similar estimate: 

(4.20) |<9 fc r 2 (A;)| < C|lnA;|, < k < k . 
Introduce the following odd solution of f)4.2p : 

e(p, k) = F(-p, k) - T{p, k). 

By (3335, flUHJ), 

(4.21) e = a x fi + f 2 + a 2 f 3 , aj = rj - sj, j = 1, 2. 
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It follows from f l4J5|) . fl4TTj) . f lCTj) . fl420|) that 

(4.22) a!(0) = l, a 2 (0) = 0, 
and 

(4.23) < C|lnA;|, < k < k , j = 1, 2, 
which together with Lemmas 14. 1[ 14.21 implies the following result. 
Lemma 4.5. One has: 

(i) e(p,k) = e (p,k) + ei(p,k), where e (p,k) = ai{k)e lkp {^) + e~ tkp ( 1 Q ) and the re- 
mainder ei(p, k) admits the estimates 

\ei(p,k)\ < C{< p >- 2 +k\lnk\e~ kp ), p > 0, 

ftnt . \dkei{p,k)\ ^CllnkKKp^+e-^ 2 ), p > 0, 

(4.24) 

||ei(-,fc)||L2(R + ) < C, 

||/>ei(-,-fc)IU^(K + ) + ||^ei(-,-fc)IU^K + ) <Ck-V 2 \\nk\, 
for any < k < k . 

(ii) (pd p — kdk)e(p, k) = e tkp Q j )kdkai(k) + e 2 (p, k), with e 2 (p, k) verifying 

\e 2 (p,k)\<C(<p>- l +k\\nk\e- kp / 2 ), p > 0, 

(4.25) 

||e 2 M)i| L2(R+ ) <C, 
for any < k < k . 

For < k < ho, introduce the operators E K : L 2 (1R + , C 2 ) -> L 2 (IR 3 , C 2 ), 



(E K $)(y) = ^ dk9 K (k)£(y, fe)$(fc), $ e L 2 (M + , 

where £(?/, fc) is a 2 x 2 matrix given by 



9 K (k) = 9(k 1 k), 9 is a C°° even function verifying 9(k) 



£(y,k)=p 1 (e(p, fc),o-ie(p,fc)), p=|y|, 

1 if |fc| < 1/4 
if jfcj > 1/2 ' 

Since e(p, k) is a solution of the equation He = k 2 e, one has HK K = E K /c 2 <73. 
By Lemma 1431 (i). the operators E K are bounded uniformly with respect to K < k . 
The action of the adjoint operators E* : L 2 (IR 3 , C 2 ) — > L 2 (R + , C 2 ) is given by 

(K^)(k) = z^9 K (k) J dyS'(y,k)il>(y), V G £ 2 (K 3 ,C 2 ). 

Clearly, 

(4.26) E> 3 C± = 

for any < k < /cq. 
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The following relation is a standard consequence of the asymptotics given by 
Lemma [4.51 (i), 

(4.27) E* K2 a 3 E Kl a 3 = 6 Kl (k)6 K2 (k), 
for any < «i, K 2 < k . 

Remark 4.6. Notice that because of the presence of the cut off function 9 K , E K is 
bounded as an operator from L 2 ([0, ko\) to if m (IR 3 ) for any m > 0, uniformly in 
K < ko. 

We next introduce quasi- resonant functions h K (y), < k < k , by setting 

h K = V2E«Q- 

Lemma 4.7. For any < k < k , h K G< y > _1 L 2 (R 3 ) and as k — > 0, one has 

(4.28) \\h K \\ L *m = 0(/? 1/2 ), \\yh K \\ L 2 m = O^ 2 ), 

(4.29) (h K , a 3 (to + 6)) = 4vr + O^ 1 / 2 In «), (fc K , a 3 (£i - Co)) = O^ 2 In k). 
Proof. Applying Lemma [4.51 (i), we decompose h K as follows: 

K{y) = h Kfi (y) + h Kt i(y) + h Kj2 (y), 

(1 " :>)0) KM = T~ [ dke^{ ai {k)-l)e K {k)( l \, 



h Kt2 {y) = -z—l dk9 K (k)e 1 (p,k), 



2?rp Jr + 

where 9(p) = f R e lkp 9(k)dk, p = \y\. 

Clearly, h Kt o G< y > _1 L 2 (M 3 ) and one has 

(4.31) \\h K , \\ L 2 m < Ck 1 ' 2 , \\yh Kfi \\ L 2 m < Ck' 1 ' 2 . 
Consider h Kii , i = 1,2. It follows from fl4T22|) . (Q3I) . fl4^24j) that 

(4.32) ||/iK,i||L2(R3) < Ck, \\yh Kti \\ L 2 {R 3) < Ck x/2 \\t\k\, % = 1,2, 
which together with (I4.3ip leads to the estimates 

(4.33) IIMiW < C« 1/2 , II^IU 2 (k 3 ) < C^ V2 - 
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We next compute (h K , a 3 (6 ± £ ))- By (14.311) . (I4.32p . as k — )■ 0, one has 

(h K , a 3 (6 ± fo)> = (^,o, o 3 (6 ± &)> + 0(k 1/2 In k), 
(4 34) (hnfl, 0-3(6 - 6)) = 

(^,0, 0-3(6 + 6)) = 2« / dp^(Kp) + 0(«) = 4tt + 0(«), 
which gives ( 14. 29ft . □ 

4.3. Proof of Proposition 13.11 We start by deriving some coercivity bounds for 
the operator H. 

Lemma 4.8. There exists Kq, < k < k , and C > suc/i that 

(4-35) W,o 3 /)>Ck||V/|| 2 2(r3) , 

/or any < k < k,q and any f G H^ ad (M. 3 , C 2 ) verifying 

(4.36) (/, a-sC-) = (/, o 3 C+) = (/, °zK) = (f, a 3 aJi K ) = 0. 

Remark 4.9. Notice that since (±,h K G< y > _1 L 2 (M 3 ) the scalar products that 
appear in (14.361) are well defined for any / G H l . 

Proof. The proof of Lemma 14.81 is based on the following result which is due to 
Duyckaerts and Merle: 

Lemma 4.10. There exists cq > such that 

(Hf,a 3 f)>c4Vf\\' 2 lAR3) , 
for any f G H^ ad (M. 3 , C 2 ) verifying 

(/> 3 C-> = (/> 3 C + > = (/, Afo) = (/, A6) = 0, 
see [5] for the proof. 

Let / G Hl ad such that (14.361) holds. One can write / as 

/ = «oCo + «i6 + 9, 

where 

q. = - ,- = 01 

J IIV7£ 112 ' J ' ' 

II v ^j'IIl2( 



and G -fi^od verifies 

(o,a 3 C-) = (g,a 3 (+) = (<?, A£ ) = (g,A^) = 0. 
Therefore, by Lemma [4.101 

(4.37) (Hf,a 3 f) = (Hg,a 3 g) > c ||V^||| 2( 



Oil/ \(g,(73(7ih K ) 



(fo,^*) (€i,<rah K ) 
(h K , a- 3 £o) - (h K , ^36) 
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Furthermore, since / verifies f)4.36p . one has 

At \i a ®\ ( (9><Tah K ) 

where 

A{k) = - 
By 

A(k) = -2tt _^ J +0(K 1/2 ln/t), k^O. 

Therefore, for k sufficiently small, one has 

|«o| + < C|| V^||z,2(r3) II < y > /i k ||l2(r3) < CK,~ 1/2 \\Vg\\ L 2( R 3). 
As a consequence, 

||V/|| L2(R 3) < CK-^ 2 \\Vg\\ L 2 m . 
Combining this inequality with (14.371) we get (14.351) . □ 

Next, we prove 

Lemma 4.11. There exists K\, < k± < k^, and C > such that for any < k < k± 

one has 

C 

||/||hi(ir 3 ) - — I|V/||l2( M 3), 

for all f G ^ ad (M 3 ) verifying E*J = 0. 

Proof. By (Q2I> . (I4T23D and Lemma ED (i), E*/ can be written as 
where 

/(A;) = 2 J R3 dy cos ^l^ f(y), and the remainder $ r satisfies 

||$r|U 2(R+ ) < CK l ' 2 \\f\\ L , 

Therefore, E*/ = implies 

(4.38) imU3«W4) < Ck^H/IU, 

Notice also that for any / e -f^ad an< ^ an y < k < 1 one has 

ll/ll^^^cdi/iu^o^ + ^nv/ii^ 

Combining this inequality with (I4.38p . we get 

C 

mm?) < — ||V/||l2 



k 

provided k is sufficiently small. □ 
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We finally combine Lemmas 14.81 14.111 to derive the following result which will be 
in the heart of the proof of Prop. 13.11 

Lemma 4.12. There exists K 2 , < K 2 < k , and C > such that for any < k < k 2 

one has 

(4-39) (Hf,a 3 f) > C^\\f\\ 2 H1 - ^||E> 3 /||i 2(R+) , 

for any f G H^ ad (R 3 , C 2 ) verifying (f, a 3 (±) = 0. 



□ 



Proof. Write / = fx + f 2 , where fi = E K a 3 E* K a 3 f and f 2 = f - fi- One clearly has 
(4.40) ||M|//i ( R3) < C||E> 3 /|| L2(R+) , ||^A||l 2 ( R 3) < CK 2 ||E*a 3 /||^(R + ), 

for any < k < k . 

Consider f 2 . It follows from flCTj) . (OTjl that for any k' < re/2, 

• (/2,a 3 C±) = 0; 

• E> 3 /a = 0; 

• (f2,o- 3 h K <) = (f 2 , cr 3 o-ih K ,) = 0. 
Hence, by Lemmas 14.81 14.111 one has 

(4-41) (Hf 2 ,a 3 f 2 )>C K 3 \\f 2 \\ 2 HHm , 

provided k is sufficiently small. 

Combining fOOl . fOljl one gets fjOQjl . 

We are now in the position to prove Proposition 13.11 Consider the equation 

iip T = PU{r)Pip, 

(4-42) 
where 

H{t) = H + t-H, l = a 1 a 3 -iv 1 (-+y V), 

«i, i/j 6 1, s > and / 6 <S(M 3 ) verifying (/, a 3 C±) = 0. 

Fix k such that < k < k 2 and consider the functional Gi(t) = (Hip , a 3 ip) + 
co||E*cT3^!|| 2(IR+) . Clearly, 

(4-43) G 1 {t) < CU(r)\\ 2 mm . 

Moreover, since (ip(r), cr 3 C±) = 0, choosing Co sufficiently large, we get: 

(4-44) G!(r)> ^H^r) ||^ a) . 

We next compute the derivative 4~Gi- One has 

d 2i 
i— (Hi), a 3 ip) = — Im (lip, a 3 Hip) , 
ax r 
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which implies 
(4.45) 
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c 



< -flail + M)||VV>(r)||£ a(R8) . 



Next, we address ||E*cr 3 ^||l 2 , R y Denote $(r) = E^V^t). Then $(fc,r) solves 



i$ r = k 2 a 3 $ + -Y, 

T 



(4.46) 
where 

Y = E* K a 3 ty. 

Integrating by parts and applying Lemma [4.51 (ii), one can rewrite Y in the form 

Y{k,r)=Y (k,r) + Y 1 (k,r), 

where 

Y (k,r) = wkdk&fcr), 
and Yi(k,r) admits the estimate 

lin(T)IU 2( R +) < cd^i + l^i|)||^(x)|U 2( 

Therefore, (14.461) gives 



d_ 

(It 



\$(t) 



Il 2 (r+) 



C 

< —(|ai| + \vi 



T)\\l* 



Combining this inequality with ( 14. 46ft and taking into account 1 14. 44 p one gets 
d 



(4.47) 



dr 



GAt) 



< -flail + I^DII^Cr)!!^) < -flail + H)G x (t). 



■ s \ C(|ai|+M) 



Integrating we obtain 

Gi(r)<c(i) 
which by ( B3HD , pi| . leads to the bound 
(4.48) 



Gi(s), 0<r<s, 



||f/(r, S )/||H 1( M3)<c7(-) 



for any < r < s and any / G -f^ad- 

To control the higher regularity, consider the functional G^flr) = (H 2 ip,a 3 Htlj) + 
C2<ji(t). One has 

C- 1 ||VII|.pi.)<G 2 <C||Vi||| r . (R a )l 
provided C2 is chosen sufficiently large. 

Computing the derivative 4- (H 2 ip(r), a^Hipfr)) and taking into account 1I4.47P we 

d 



get 
(4.49) 



dr 



< -flafl + ki|)||V(r)|| 2 H3 (R3) < -flafl + H)G 2 (r). 
r t 
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which implies 

(4.50) \\U(t, s)f\\ HHm < C (-) \\f\\m m , 

for any < r < s. 

The H 2 bounded stated in Prop. 13.11 follows from (I4.48p . (I4.50p by interpolation. 
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